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2 Abstract

Constitutive models are required to complete the governing equations for a material.
Continuum mechanics and thermodynamics provide severely limited guidance.
Statistical physics allows quantities to be derived from molecular constitution.

Background – statistical physics in constitutive modeling.
Approach – some mathematical details from a high level.
Example – polymer constitutive model using statistical thermodynamics.

Perspective – focus on polymers, some general conclusions.
Successes – what has been working?
Failures – what has not?
Thoughts – what now?



3 Approach

Provide the molecular physics.
Sufficient detail for desired behavior.
Enough simplicity to remain tractable.
Usually statistical thermodynamics [1].

Prescribe a macroscopic connection.
Affine or non-affine deformation [2, 3].
Representative volume elements [4].
Sometimes not necessary (gases).

Apply continuum mechanics and thermodynamics.
Frame invariance and the second law [5].
Obtain the constitutive model.
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4 Example

Provide the molecular physics.
Single-chain model (uFJC) [6, 7].
Evolving probability distribution of chains.
Liouville equation, transition state theory.

Prescribe a macroscopic connection.
Affine deformation (γ̇ = L · γ).
Exactly solve governing PDE.
Simplifications (irreversible, transient).

Apply continuum mechanics and thermodynamics.
Automatic solution and stability guarantees.
See Buche and Silberstein (2021) for details [8].
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5 Successes

Triple network elastomer, sacrificial cross-links [9].

Model predictions of mechanics [8].
Mostly predicts loading path.

Nearly without any fitting [8].
Captures damage and dissipation.

Irreversible bond breaking.
Across model flavors [3, 10].

Mechanoluminescence (not shown).
Decent qualitative prediction [8]. 1 1.5 2 2.5 3 3.5
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Summary:
This modeling approach tends to accurately predict rate-independent elasticity and damage.



6 Failures

Dual (permanent and transient) cross-link gel [11].

Qualitative rate dependence.
Perhaps one rate, not more [8, 12].

Quantitative rate dependence.
With e−kt ? In your dreams!

Thanks, transition state theory [8].
Transient 6= equilibrium, right?

Invalid separation of timescales.
Phenomenological better [13].
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Summary:
Kinetics from transition state theory and similar theories are unpredictive and possibly invalid.



7 Failures

Metal-coordination cross-linked hydrogel [14].

Substantial "viscoplastic" dissipation.
Bonds reforming stress-free [8, 15].

Insufficient "viscoelastic" dissipation.
Support either loading or dissipation.

Pathology of break/reform kinetics.
No interchain interactions.

Intractable molecular model.
Phenomenological predominant [14]. 1 2 3 4 5 6
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Summary:
Viscosity from the statistical thermodynamics of tractable molecular models is not sufficient.



8 Thoughts

Transition-state-like non-equilibrium theories:

Phase space regions in local equilibrium.
Relaxation rate� reaction rate.

"This separation of time scales is
generally hard to justify..." [16]

Equilibrium principles, extra steps.

Always produces some flavor of e−kt.
Rarely seems to be predictive [8],
phenomenological often better.

Summary:
Something drastically different than transition state theory is needed to improve model results.



9 Thoughts

Provide the molecular physics.
Partition phase space without assumptions.
Nonequilibrium evolution via Liouville [1, 8].
Advance without transition state theory?

Prescribe a macroscopic connection.
Could γ̇ incorporate viscous effects?
Is Gibbs’ postulate even valid here [1, 8]?
Are interchain interactions simply vital?

Apply continuum mechanics and thermodynamics.
Compatible with nonequilibrium statistics?
Emergent intrinsic material timescales [17]?
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10 Conclusion

Developing continuum constitutive models remains a sort of black art.
Tradeoff between physics and practicality when providing the molecular model.
Large deal of freedom and uncertainty when prescribing the macroscopic connection.

Recent constitutive models for polymers have not been entirely successful.
Rate-independent elasticity and damage are predicted quite nicely.
Rate-dependence and viscous dissipation can be predicted poorly.

In general, equilibrium principles limit the resulting constitutive model.
Need to get away from kinetics that resemble transition state theory.
Techniques from nonequilibrium statistical mechanics may be applicable.

They are certainly required for materials considered to be glassy.
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