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Outline

Fundamental Theories for the Mechanics of Polymer Chains and Networks
Introduction

Part [ — statistical mechanical constitutive theory, no bond breaking
*  Focus: distribution-behavior connection, thermodynamic ensemble
*  Highlight: approximation method performance in macroscale

Part I — statistical mechanical constitutive theory, with bond breaking
*  Focus: general derivation, IPDE solution, single-chain mechanical response
e  Highlight: modeling mechanical experiments of polymers

Closing/Summary




Cornell University

Elastomers and rubber elasticity

Elastomers consist of many single polymer chains forming a network

2400
Mix A

Le / .'.<:>.u~!E
3__ 8
v -

0
=
o
=

STRESS, LB

200 400 600
ELONCATION, PERCENT.

o) |

1. Longpolymer chains
2.  Weak mtermolecular forces (above Tg)
3. Crosslinking

L. R. G. Treloar. The Physics of Rubber Elasticity. Clarendon Press, Cambridge, UK, 1949. 3
L. Mullins. Rubber Chem. Technol. 21, 2 (1948).
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Elastomers designed to break (bonds)
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Emerging elastomers are often designed
to benefit from bond breaking
while being deformed

Lavoie, Millereau, Creton, Long, Tang,
J. Mech. Phys. Solids, 125, p. 523 (2019).

1. Irreversible bond breaking X Dy X X, X
. . ,’f >~ 1 ] *f ).( x 3 *\' x .

2. Transient bond breaking eI N R
3. Force-driven reversible breaking LX 2 ¢ p X317V X P X 3
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Physically-founded constitutive
models are essential

e Predictive power
* Fundamental understanding
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Statistical mechanical constitutive theory of polymer networks: The
inextricable links between distribution, behavior, and ensemble

Michael R. Buche and Meredith N. Silberstein
Phys. Rev. E 102, 012501 — Published 2 July 2020
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Single Chain Statistical Mechanics
Helmholtz free energy
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McQuarrie, Statistical Mechanics (University Science Books, 2000).
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Natural Statistical Correspondences
Distribution-behavior correspondence Ensemble transformation Legendre transformation
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Macroscopic Mechanical Response

Cauchy stress obtained using constitutive theory
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Chain breaking in the statistical mechanical
constitutive theory of polymer networks

Michael R. Buche, Meredith N. Silberstein 2 =
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Input: temperature Input: deformation Input: number density

T F(t) n

l------------------- H Nl EEESEESESESESESESESEESEE S I EE S EEEEEEEEEN -------.
! Internal statistical
I mechanical framework

Input: single-chain
model Hamiltonian
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qx (£).ag, (£),
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Output: stress
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Nonequilibrium statistical mechanics

Nonequilibrium ensemble average Probability distribution for intact chains
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Zwanzig, Physical Review 124,983 (1961).
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Input: temperature Input: deformation Input: number density

T F(t) L
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! Internal statistical
I mechanical framework
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Input: single-chain
model Hamiltonian
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H(T') a4 (£), ag, (£),
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Output: stress
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Exactly solving governing IPDE

Simplified evolution equation
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Exactly solving governing IPDE

Tentative solution
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Exactly solving governing IPDE

Liouville-Newmann series solution: Solution converges if kernel square-integrable
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R. P. Kanwal. Linear Integral Equations. Springer Science & Business Media, New York, 2013.
M. Rahman. Integral Equations and Their Applications. WIT press, Boston, MA, 2007.
J. A. Cochran. The Analysis of Linear Integral Equations. McGraw-Hill, New York, 1972.

Bucho and Silherstein. I Mech. Phys. Solids 156, 104593 (2021) 15
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Input: temperature Input: deformation Input: number density

T F(t) L

l------------------- H Nl EEESEESESESESESESESEESEE S I EE S EEEEEEEEEN -------.
! Internal statistical
I mechanical framework
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Input: single-chain
model Hamiltonian

{_} J}, Q\D[j_j,
H(T') a4 (£), ag, (£),
1 (€

Output: stress
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Single-chain model

uFJC model, with Hamiltonian Nondimensional variables
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First-order asymptotic approximation (stiff bonds)

High forces, stiff bonds

veric(n) ~ L(n) + E 2 — L(n) coth(n)] for & > 1.

Forlarge forces, direct bond stretching

Y(n) ~ A(m) forx > 1and n>1,
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Buche and Silberstein, J. Mech. Phys. Solids 156, 104593 (2021)
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Single-chain model

Asymptotic matching (Prandtl’s method) First-order approximation
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J. M. Powers and M. Sen. Mathematical Methods in Engineering. Cambridge University Press,New York, 2015. 18

Buche and Silberstein, J. Mech, Phys. Solids 156, 104593 (2021).
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Input: temperature Input: deformation Input: number density

T F(t) L
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Modeling multinetwork elastomer
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Lavoie, Millereau, Creton, Long, Tang, A Ducrot, Chen, Butlers, Sijbesma, Creton, Science, 344,p. 186, 2014.
J. Mech. Phys. Solids, 125, p. 523, 2019.

Rate-independent irreversible breaking

Specialized solution Reaction propagator becomes yield function
Py(&:t) = PEF\(t) - £] ©(&:1.0) o=l loFe) &, <& vee .
0, otherwise.

Ducrot, Chen, Butlers, Sijbesma, Creton, Science, 344,p. 186, 2014. 20
Budl L sill 0 1 Mech. Pl Solids 156, 104593 (200
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Modeling multinetwork elastomer
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Modeling molecular release in a gel
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Modeling molecular release in a gel
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* Single linear timescale of transient breaking =
— Sufficient in a limited capacity 'y -
ol | = o
— Future: many timescales, and/or revisiting TST f o Experiment
- - - Transient
.. . . —— Adjusted
* Dissipation not from bond breaking 0 ‘ l
: . o 1 2 3 4 & 6 7
— Sometimes significant. Distinction: lack of droop. Fu ()
. . . 11
— Future: viscous stresses (chain slippage, etc.)
30 I I
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« Other important future avenues e
— Breaking-induced network alteration
— Non-trivial reforming g 200 |
— Non-affine swelling/deformation =
: S 10} ]
Overall, the approach is a robust method for
macroscale constitutive models in terms of )
molecular functions and parameters 0l
1 6

R. Long, K. Mayumi, C. Creton, T. Narita, and C.-Y. Hui, Macromolecules (2014).
J. Lin, S. Y. Zheng, R. Xiao, J. Yin, Z. L. Wu, Q. Zheng, and J. Qian, J. Mech. Phys. Solids, (2020). 24

Buche and Silberstein, J. Mech. Phys. Solids 156, 104593 (2021).


https://doi.org/10.1016/j.jmps.2021.104593

Cornell University

Presentation summary

Equilibrium
> distribution
3
Ny

* Single polymer chain mechanics

— Single-chain mechanical response

— ~»  Helmholtz iy ¥

Gibbs ensemble = Gibbs-Legendre

— Equilibrium distribution of chains

— Extension-dependent reaction rates

* Polymer network mechanics
— Exactly-solved evolution equations

— Constitutive theory (stress, dissipation inequality)

Input: temperature Input: deformation Input: number density

— Informed almost entirely by single-chain model

-------------------------------------------------------------
1 Internal statistical
1 mechanical framework

* Elastomer constitutive models E
— General (force-driven reversible breaking)

— Special cases -
" -
* Absence of bond breaking

94 (£). a5, (£),
qi, (&)

* TIrreversible bond breaking

Output: stress

* Transient bond breaking

e Intact after reaction i

I i . Physical Revi ) 012501 (202

: : : 2. 25
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