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Extensible links in a broad class of single polymer chain models
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The physics of polymer chains is often probed using molecular stretching experiments and various idealized
single-chain models. The majority of these models consist of a discrete sequence of links, which may be treated
as rigid or extensible. Although such models are well established and many specific extensible variants have been
proposed, no generally applicable theory has been presented. Moreover, most existing treatments are heuristic
rather than systematically and rigorously derived. This critical gap is closed here through the development of
a generally applicable asymptotic theory for including link extensibility in a broad class of discrete models for
single-chain thermodynamics. The theory is verified analytically using the freely jointed chain and validated
numerically using the freely rotating chain. The resulting approximation is first-order accurate in inverse link
stiffness, with quadratically decreasing error, and recovers extensible behavior across all link stiffnesses from a

single rigid-link reference calculation.
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Building a fundamental understanding of the physics of
single polymer chains is an essential first step toward under-
standing polymeric materials more generally. One important
aspect of single-chain polymer physics is the behavior at
thermal equilibrium, which is described by statistical ther-
modynamics [1]. At thermal equilibrium, a chain resists
extension in order to maximize entropy [2], where this be-
havior is described by a partition function for that particular
statistical ensemble [3,4]. Idealized single-chain models are
typically applied in evaluating these partition functions to
make them computationally tractable or analytically solvable
[5], the most common of which being the freely jointed chain
model [6]. Since most of these models are simply a discrete
sequence of rigid links as originally formulated [7], they are
unable to predict chemical bond disruption. This is a vital
gap, since most models for polymer chains [8—10] or networks
[11-13] which have chain scission are typically predicated on
bond stretch. Moreover, extensibility must be included when
modeling single-chain stretching experiments [14] with larger
applied forces [15]. Considerable effort has been devoted to
these problems [8—10,16-22], but no generally applicable rig-
orous theory has yet emerged.

The majority of work thus far has sought to replace the
rigid links with their extensible counterparts through a po-
tential energy function [9]. For a freely jointed chain, the
resulting extensible model can be either analytically approxi-
mated [9,19] or exactly analytically solved [16]. However, in
the case of the freely rotating chain only phenomenological
[21] or effective [22] contributions from link extensibility
have been developed. Critically, these approximations obscure
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underlying physics and lack any error estimation, both of
which would accompany a truly rigorous derivation. More-
over, no reliable theory exists for replacing link rigidity with
extensibility in general. Instead, existing approaches largely
rely on heuristically importing ideas from mechanics [8,20].
To close this gap, an asymptotically correct theory is devel-
oped and verified here for incorporating link extensibility into
a broad class of discrete single-chain models.

Many single-chain polymer models consist of a discrete
series of identical links. Most of these are governed by two
separable potential energies, where the first Uy is a function of
the link angles and the second U; is a function of the link
lengths. This separability is widely applicable to idealized
single-chain models, including the examples considered here,
but is not typically applicable to fully atomistic molecular
dynamics models. The total potential energy IT in the isoten-
sional ensemble would then be

11(£,0,¢) =Uo(0.¢) + Ui() — £ - &, (D

where £ represents the link lengths, 6 the polar angles, ¢
the azimuthal angles, f the applied force vector, and & the
chain end-to-end vector. If there are N, links in the chain, the
potential U, is merely the sum of the individual link potentials
u(;) for i =1,..., Np. Assuming these are predominantly
harmonic, the nondimensional form is

Np

K
BUI(A) = Eg(“ —1)% 2)

where A = £/¢;, are the link stretches, k = ﬂk;,ﬂl% is the nondi-
mensional link stiffness, and 8 = 1/kT as usual [9]. If n =
B €, is the nondimensional force applied along the polar axis,
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the nondimensional form of Eq. (1) is

Ny
BTI(A. 0. 9) = BUs(8. §) + BUI(L) — 1 Y _ hicosbi. (3)
i=1
The isotensional partition function Z(n) is calculated by in-
tegrating exp(—pBI1) over all configurations (£, 0, ¢). This
partition function can be written as [23]

Z(n) = / Zo(n, L) e P D gy, )

where the reference system partition function Zy(#, A), which
is the system with rigid links, is then given by

Zo(n, A) = /e—ﬂUo(0,¢)+77 2 kicosb; g 5)

Note that dA = [],dA; and dT =[], )»12 sin 0; d6; d¢;, where
Ai € [0,00), 6; € [0, ], and ¢; € [0, 27). If there are any
additional rigid constraints on the chain via the link angles,
they are enforced within Uy(6, ¢).

Now, the asymptotic theory is developed. For « > 1,
the configurations predominantly contributing to Eq. (4) are
tightly clustered around argminfBU;, which is A = 1. System-
atically applying Laplace’s method for evaluating integrals
[24], the partition function for the full system Z(n) can be
asymptotically approximated in terms of that for the reference
system Zy(n) [23]. The result is

Ny/2 "
Z(n) ~ <7n> Zo(mI[1 + % +ord(xk )],  (6)

where Zy(n) = Zy(n, 1), and h(n) is given by [23]

N

1 9°Z
) = 5D ——

— 7
27 aA? ™

i=1 A=1

The nondimensional longitudinal chain extension y (1) is the

average over the chain of the ensemble average of the compo-
nent of each link vector along the polar axis,

Ny

1 1 0lnZ

y(m) =) (kicost;) = — ®)
N;, ; Nb 377
and analogously, for the reference system at A = 1,
Ny

1 1 dlnZ,
= — 0i)o = — . 9
yo(n) = 3 > (c0s0i)o N 9 ©)

i=1
The derivative in Eq. (7) is analytically evaluated as
1 9%7,

Zy 022

and with Eq. (9) allows A(n) in Eq. (6) to be written as

=2+ 4n{cos 6;)g + r}z(cos2 6:)o, (10)
r=1

2 M
n
h(n) = Ny + 2Nynyo(n) + = D _(cos” 6;)o. (1)
25
Finally, the nondimensional longitudinal extension in Eq. (8)
is asymptotically approximated via Eq. (6) as

1
y(m) ~ yvo(n) + ;[2yo(n)+2nyé(n)+g(n)], (12)

valid for « >> 1. The function g(n) is given by

N
g(n) = 1% S laim) + by, (13)
i=1

where the first term does not involve cross terms,
ai(n) = (1 — 3 Nynyo)(cos” 6;)o, (14)

but the second term involves cross terms for all links,

Np

n
bi(n) = 3 Z(cos2 6; cos 6,)o. (15)

j=1

Also, the derivative of yy(n) with respect to 7 is

1
von) = N > “(cost;cos8;)o — Nyyo(n)®. (16
b .
1]

The relation in Eq. (12) is asymptotically valid for adding
link extensibility to all single-chain models with separable
potential energy functions vis-d-vis Egs. (2) and (3). This
broad class of models includes the freely jointed chain model
[9,19], the freely rotating chain model [22,25], the hindered
rotation model [7,26], the rotational isometric state model
[7,27], and discrete representations of the worm-like chain
model [3,21,28]. For the sake of brevity, two single-chain
models are selected to demonstrate the asymptotic theory.
First, Eq. (12) is verified using the freely jointed chain model,
which is exactly solvable in both the inextensible and exten-
sible cases. Second, Eq. (12) is validated using the freely
rotating chain model, which is not analytically solvable in
either the inextensible or the extensible case.

For the inextensible freely jointed chain model [9],
the nondimensional longitudinal extension is given by the
Langevin function [2], yo(n) = L(n) = cothn —n~'. The
derivative of the Langevin function is then given by y;(n) =
n~2 — csch?. Each link in a freely jointed chain under force
is independent and identical [18,29], so

) 2 2
(cos“B)y =1— —cothn+—2. a7
n n
The independence of links also causes
3 . .
2, \ _ J{cos” )0, i=j,
(008 0r cos )0 = {<cos29>o<cos9>o, izg, 1Y

where (cos )¢ = y9(n) here, and one can compute
3 6 6

(cos B)g = cothn — = 4 — cothn — —.. (19)
non n

Substituting Egs. (17)—(19) into Egs. (14)—(16), and then sub-
stituting the simplified relations into Eq. (12), yields

y(n) ~ L(n) + g[z — L(n) coth 7], (20)

where the nondimensional link stiffness is large, « >> 1. Equa-
tion (20) is exactly the expected result here, which is the series
expansion of the exact solution in powers of k!, neglecting
terms that are ord(x ~2) and beyond [9,11]. Figure 1 compares
the asymptotic approximation of the longitudinal extension
y (n) in Eq. (20) to the exact analytic result [9,16] as a function
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FIG. 1. The nondimensional longitudinal extension y of an
extensible freely jointed chain under an applied force 1, using
asymptotic (dashed) and analytically exact (solid) methods, for vary-
ing nondimensional link stiffness «.

of the nondimensional force 1 across a range of nondimen-
sional link stiffnesses « [30]. For reference, k ~ 10210 is
typical for these models [10,11,22]. The asymptotic approxi-
mation is moderately accurate for smaller values of «, quickly
becoming more accurate as « increases. For larger «, the exact
and approximate results become indistinguishable, highlight-
ing the rapid convergence of the asymptotic theory.

In the case of the freely rotating chain [25], neither the in-
extensible reference system nor the actually extensible system
is analytically solvable. Therefore, Monte Carlo calculations
are utilized to validate the theory instead. Note that these
calculations are much more expedient for the reference system
than the full system, since the reference system is constant in
energy. Also note that the asymptotic theory extends reference
system calculations to approximate the full system over a
range of link stiffnesses without requiring additional calcu-
lations.

To build the asymptotic relation for y(n) in Eq. (12),
(cos™ §; cos" 0;) is calculated in the inextensible system across
m,n=1,2and i, j=1,..., N, Configurations of the inex-
tensible freely rotating chain are generated by rejection-free
sampling in the isometric ensemble, and averages of any
quantity A in the isotensional ensemble are then obtained by
exponential reweighting:

<Aer-r>

(A), = WV): (21)

To calculate the exact relation for y(n) given by Eq. (8),
(A;cos6;) is calculated in the extensible system for all i =
1,..., N, links. The configurations of the extensible freely
rotating chain are generated analogously to the inextensible
case, but the link lengths are randomly sampled from the
Maxwell-Boltzmann distribution associated with the link stiff-
ness. To encourage sampling of rare highly extended states,
the stretch distribution is biased in proportion to ", and the
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FIG. 2. The nondimensional longitudinal extension y of an
extensible freely rotating chain under an applied force 7, using
asymptotic (dashed) and numerically exact (solid) methods, for vary-
ing nondimensional link stiffness «.

resulting auxiliary ensemble is then reweighted according to

<Ae'7 > A;(0059i71)>

— )4
(A)Vl - (6’" > )\i(cose,»fl)) ' (22)
Y

Figure 2 compares the asymptotic approximation of the
longitudinal extension y (1) in Eq. (12) to the exact result in
Eq. (8) as a function of the nondimensional force n across
a range of nondimensional link stiffnesses « [30]. Each case
averages 10 billion Monte Carlo samples for every one of the
15 points along each curve, where the angle between con-
secutive link vectors is fixed at 8, = 60° in a freely rotating
chain model consisting of N, = 5 links. For the exact relation,
the Monte Carlo calculations must be repeated for every «
and n, whereas for the asymptotic relation, the same reference
system calculations at a given n can be reused for all values of
k. The results in Fig. 2 show that the asymptotic theory pro-
vides accurate approximations of the extensible freely rotating
chain. Similar to Fig. 1, the asymptotic relation is moderately
accurate for smaller k before becoming highly accurate for
larger «.

To quantify the accuracy of the asymptotic theory, the
relative error e(k ) is calculated using the L, norm [9]

[ Jo" Ay () dy
_ |Jo
e(k) = R dn (23)

where Ay (n) is the difference between the exact and asymp-
totic results. The upper limit 9 = 10 is kept fixed as « varies
so that the error scaling reflects the accuracy over a com-
mon force interval. Otherwise, the error scaling could reflect
changes in the domain of integration and obscure the conver-
gence rate associated with the asymptotic approximation. At
room temperature, 9 = 10 corresponds to forces of roughly
40—400 pN for link lengths £, = 1—0.1 nm, which are in the
relevant range for single-molecule force spectroscopy [17,31].
Figure 3 shows the L, relative error e(k) in the asymptotic

L043401-3



BUCHE, GRASINGER, AND MULDERRIG

PHYSICAL REVIEW E 114, 1.043401 (2026)

_ ——EFJC
1 1
0 EFRC
102
5
T
103
2
1
1074} §
109 10t 102

K

FIG. 3. The relative error e in the asymptotic theory as a function
of the nondimensional link stiffness « for both the EFJC and EFRC.

theory as a function of the nondimensional link stiffness «
for both the extensible freely jointed chain (EFJC) and the
extensible freely rotating chain (EFRC). For small values of
k such as those near k = 1, the error is considerable since the
asymptotic theory is only valid for « >> 1. As « increases, the
error steadily decreases, and for large values of «, the log-log
slope of the error converges to —2. This further validates the
asymptotic theory through indicating that the error is indeed
ord(k %) and the theory is therefore correct to first order for
k> 1.

A general asymptotic theory has been developed which
permits link extensibility in a broad class of models for
the statistical thermodynamics of single polymer chains
under force. The theory systematically builds accurate

approximations upon the inextensible reference system. The
accuracy and broad applicability of this theory were demon-
strated using two exemplary single-chain models, the freely
jointed chain and the freely rotating chain. This was done
both analytically and numerically, since the former model is
exactly solvable while the latter model is not. The success
of the asymptotic theory here provides promising evidence
that it could apply much more generally in the future.
Specifically, it could be applied to other discrete link-based
molecular models, general discrete models for statistical ther-
modynamics, or even models with continuous degrees of
freedom.
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